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Map projections are mathematical procedures that enable the mapping
of the earth's or other celestial bodies' curved surface to a plane.

The theory of map projections is often referred to as the mathematic
cartography.

The goal of studying map projections is the creation of mathematical
basis for making maps and solving theoretic and practical problems in
cartography, geodesy, geography, astronomy, navigation and other related
sciences.

http://ica-proj.kartografija.hr/home.en.html
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1. Parameterizations of a sphere and an ellipsoid

2. Map projections and their linear scales
Mercator projection of a sphere
Mercator projection of an ellipsoid
Web-Mercator projection

3. Loxodrome and its image in the plane of projection
Mercator projection of a sphere

Mercator projection of an ellipsoid

Web-Mercator projection

4. Comparison of the images of loxodrome in the Mercator
and Web-Mercator projections

123 equations
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Geographic parameterization of a sphere

X =RCOS@COSA
y =RcosesinA

e{_ﬁ E} N [_
z=Rsing ® 22 c[-m 7]

ds? = R%d? + R? cos? pdA?
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Geodetic parameterization of a rotational ellipsoid

X =N COS¢pCOSA

y =N cosesini

(pe[—g,ﬂ \e[-m,m]

z=N(@1—-e?)sing

o? a’ —b? N = a M — a(l—e”)
a’ \/1—e2 sin? @ \/(l—ezsinchf’

ds® = M?d¢® + N? cos® pdA?
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Mapping a sphere or an ellipsoid into a plane = Map projection

x=x(e,A) Y=Y,
2 2 2 2
SORC I LG
o op op OL  Op OA O\ O\

ds'? = Edo” + 2FdpdA +GdA?
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Linear scale ¢ for mapping a sphere

, 0s” Ede®+2FdedA+Gdr® E

2 . -2
c’ = = =—C0S" o+ sin 2oL + SIn“ o

ds* R%d¢@?+R?cos’@dr® R? R? cos ¢ R? cos @
where

R cospdA

cos pdA
fano =
do Rde ds
0
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Linear scale ¢ for mapping an ellipsoid

, ds? Ede®+2Fdedr+Gdr*> E F . G "
== > > =—C0S" a+ Sin20.+————SIN" a
ds M “de“ + N“ cos” pdA M MN cos ¢ N “ cos” ¢

where
N cos od A N cospdA
tano =
Md o
Md([) dS
a
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Mercator projection of a sphere, normal aspect
X=KA y = KAr tanh(sin o) K =const.>0

GX:O 8x_K oy K oy

= = 0
oQ

o op Ccosp  on

K 2 ST K
C"=———C0s"o+———SiN“a=———
R” cos” ¢ R“ cos” ¢ R“ cos” ¢

K
Rcos @

c=c(9)= — Conformality
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Mercator projection of an ellipsoid, normal aspect

x=K\  y=K[Artanh(sing)—eArtanh(esing)] K =const.>0

X_y X _y N _ K= ¥ _g
op oA op  cosp(l—e?sin® @) O\
c_ KZ(l_eZ)Z - KZMZ O G K2
cos® p(l—e?sin®@)®  N?%cos® ¢ N B
, K2 , K2 L K2
C*=—5—5—C0s" a+————SiN“a=—5—
N“ cos® ¢ N cos® ¢ N“cos® ¢
c=c(p)= — Conformality

N cos ¢
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Web-Mercator projection of an ellipsoid

X =ah y = aAr tanh(sin o)

OX a
o O\ op COS® O\
2
a
E=—5 F=0 G=a’
COS”
) a’ ) a’ L, a’> (cos®a sin‘a
C"=—3———C0S"a+————SIN“a=—; —+t——
M “ cos® ¢ N cos” ¢ cos“p\ M N
c=c(pa) — Non-conformality
a
a=0 C=
M cos
T a
o =— C=
2 N cos .
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For a curve on the rotational ellipsoid
cosoads = Mdo sinads = N cospdi
ds® = M 2d?® + N cos® pdA*

Definition of a loxodrome o = const.

dA =tana Mde
N cos ¢

k:tanoc.[ Mde +C=tana q(p,e)+C
N cos ¢

where C is a constant of integration

d(p, e) = Ar tanh(sin ¢) —eAr tanh(esin @)

fan o — N cos pdA
Mdeo
N cos pdA
Md([) ds
(00
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For a curve on the sphere

cosads = Rdg sinods = RcospdA

ds® = R°dp® + R? cos® pdA*

Definition of a loxodrome o = const.

dk:tanocd—(p
COS

A=tana —+C =tana g(¢p)+C
COS

where C is a constant of integration

a(¢) = a(e,0) = Artanh(sin ¢)

tan

cos pdA
do

o=

RcospdA

Rd([) dS
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Loxodrome in the Mercator projection of a sphere, normal aspect

X =K\ y = KArtanh(sing) =Kg(e¢) K =const.>0

A=tano q(p)+C

X y
—=tano +C=tana —+C
< s[(0) ”
X=tana y+CK

Straight-line

— X

\4
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Loxodrome in the Mercator projection of an ellipsoid, normal aspect
x=Kx y=KJ[Artanh(sing)—eArtanh(esing)| = Kq(p,e) K =const.>0

A=tano g(p,e)+C

X y A
— =tano e)+C=tanoa =—+C y
< d(ep.€) ”

X=tana y+CK

Straight-line /
X

\4
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Image of a loxodrome in the Web-Mercator projection
X =a\ y = aAr tanh(sin ¢) = aq(¢) = aq(¢, 0)

A=tana q(op,e)+C

g =tana q(p,e)+C =tana [Ar tanh(sin ¢) —eAr tanh(esin (p)] +C =

tan o {Ar tanh (tanh Xj —eArtanh (e tanh Xﬂ +C =tana {X —eAr tanh (etanh Xﬂ +C
a a a a

A y

X=tanao {y —eaArtanh (e tanh Xﬂ +Ca
a

Not a stright-line, but close to it /
X
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Without a loss of generality, we can suppose that our loxodrome goes
through the point (¢,A) = (0,0)

X =tana {y—eaAr tanh (etanh Xﬂ =tana|y—z(y)]
a

z(y) =eaArtanh (e tanh X)
a

z(¢p) =eaAr tanh (esing) = N 1+93!” P
—esIino

2
dz _ _ae“cosg >0
de 1—e®sino

z=12z(p) 1S monotono increasing function
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The difference between the image of a loxodrome in the Mercator

projection of the ellipsoid and the image of the same loxodrome in the
Web-Mercator can be illustrated in this way

2 1-esing

¢=0 = Ay=0

max |Ay| =|tan a ezaln ig when p=x=

if o=45° then max|Ay|=42793m

WGS84
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To compare the azimuths

X=tana y dx =tano dy

x:tanoc[y—z(y)] dx = tan o{l—%}dy:tanﬁdy
y

2

e
tanB:tanoc(l—gj:tanal <tana
—e

dy 2sin® @

—e” sin a.cos 0. cos” @

— o = arctan
P 1—e?(1—sin” o.cos® @)
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100Ay
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—e? sin 0.c0S 0. COS?
1—e®(1—sin® o.cos® )

B—a =arctan

L
B=a when (p=ir5
2 -
e sino.cosa
max |3 — o =arctan —— when ¢=0
1—e”cos’ o,

if o=45° then max|B—a|=1133"

WGS84
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Thank you for you attention!
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